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ABSTRACT 

We show in this note that two curves are defined up to birational equivalence by 
the skew fields of differential operators on these curves. 

The main result o f  this note is the following: 

THEOP,.E~. Let F be a fieM of characteristic 0 and K1, K2 fieM extensions of 

F of transcendental degree 1. Let 61,c52 be derivations of  KI,K2, respectively, 

each with subfieM of constants F Consider the skew fields D1 = K1 (Xl; 61 ), D2 = 

K2(x2;62). Then D1 and D2 are F-isomorphic i f  and only i f  Kl and 1(2 are 

F-isomorphic. 

Let A be a commutative algebra. It is possible to attach in a natural way a non- 

commutative algebra ~ ( A )  [4] to such an algebra, the so-called ring of differential 

operators on A. I f  one starts with an irreducible algebraic curve 17 over a field 

F of zero characteristic and considers ~ ( I '  ) = ~ (0 (17)), where 0 (17) is the coor- 

dinate ring of 17, then ~(17) is called the ring of differential operators on 17 [9]. The 

algebras ~(17) satisfy the Ore condition, so for any 17 there is a uniquely deter- 

mined skew field F r a c ( ~  (17)) which is the skew field of  quotients of  ~ (17). These 

skew fields are of  the type considered in the theorem. Indeed, let K = K(17) be the 

field of  rational functions on 17 (i.e., the field of  fractions of  0(17)). Then ~(17) C 

~ ( K )  [7, 15.5.5(iii)] and a n y f E  a) (K)  may be represented as ~,,~=0 f/tSi where 

f / E  K, and 6 is any nontrivial F-derivation of K [7, 15.2.5, 15.5.5(ii)]. Therefore 
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~ ( K )  is isomorphic to K[x ;6 ] .  Furthermore, Frac(~D(F)) contains K, and since 

it contains a nontrivial derivation [7, 15.3.6], which we may assume to be 6, 

F rac (~(F) )  = Frac (~(K))  = K(x; 6). So in this setting, the result of the theorem 

means that the curve 17 is defined up to birational equivalence by the skew field 

Frac(~(17)). 

We start with one field extension K of F Let 6 :~ 0 be a derivation of K with sub- 

field of constants F, then each y E K \ F  is transcendental over F.. Consider the ring 

of  differential polynomials K[x; 6] and its skew field of quotients D = K(x;6). 

One easily shows that the center of  D is F since F has zero characteristic (e.g., by 

making use of the representation of the elements of D given later). I f y  E K \ F t h e n  

D = K(x ' ; 6 ' )  where x '  = 6(y)-~x and 6' = 6(y) -~& If tr.degK/F = 1 then 6' is 

the unique extension of  d/dy on F(y) ,  since K is algebraic over F(y) .  Using these 

remarks we get the proof of the easy direction of the theorem, namely, if K1 and 

K2 are F-isomorphic then D1 and D2 are F-isomorphic. Take y~ E KI \ F  and let Y2 

be its image under a given F-isomorphism a : K1 --' K2, then a(F(yl )) = F(y2) .  

Let x[ = 6 i ( Y i ) - l x i  and 6~ = 6i(Yi)-1¢3i,  i = 1,2. It follows that if al E Kl, a2 E K2 
t ,  t and a(a l )  = a2 then a(6](al)) = 6~(a2) and we get an F-isomorphism K1 [Xl, 61] = 

I ,  ! Kz[X2,62] which extends to DI = D2. 

The other direction of the theorem is much more difficult and holds with no re- 

striction on the transcendental degree. We split the proof into several lemmas, each 

being interesting by itself. We first introduce the notations and definitions that will 

be used. 

The elements of D = K(x;tS) will be written as a Laurent series in x -~, namely, 

d = ~i<_n ai Xi, ai E K [2, p. 18]. If am ~: 0 we let degd = n and, as usual, deg0 = 

-oo .  We call anx ~ the leading term of  d, which we denote by Idl, and we set 

[01 = 0. The coefficient of  the leading term of  d, namely an, will be denoted by 

c(d). Note that c(dld2) = c(dl)c(d2). 

For f E D, let R} = {g E Dlad}+l g = 0}, k = 0,1 . . . . .  Then R~ = C ( f )  is the 

centralizer o f f  in D; R} C R) C R~ C - - -  and Rf = UR~ is a subring of D. Let 

(Ry) = [gh -1 g, h E R s, h ~ 0}. We say t h a t f  is ad-nilpotent if (R s) = D. For 

example, if a E K then R ° _~ K and R~ 9 x. It follows that R~ _D K[x;6]  and 

(R~) = D. Thus, if N(D) denotes the set of ad-nilpotent elements of  D, then 

N(D) ~_ K. 

We define the "Poisson bracket" {f,g] of two elements f , g  E D. If one of them 

is 0 we set If ,  g] = 0. I f f ¢  0 andg :~ O, let I f t  = f ,  xn, Igl = gm xm and define 

(1) I f ,  g} = (nfn6(gm) - mgm6(fn))X n+m-1. 

As usual, we denotefg  - g f  by [ f ,g ] .  Note that deg[f ,g]  < d e g f +  degg for any 

0 #:f, g E D. If deg[f ,g]  = d e g f +  d e g g -  1 then If, g] = I[f,g][ and otherwise 
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[f ,  g l  = 0. In particular,  I f ,  g} = 0 if [f,g] = 0. We also introduce the nota t ion 

Adfg  for [ f ,  g l  and observe that Ad  I is not  linear, but it acts on products  almost  

like a derivation. We have: 

(2) Ady(gh) = ](Adfg)h I + ]g(Adfh)  I 

and we easily get, for  any integer n, 

(3) A d y ( g " )  = n l g " - l A d f g l .  

Our first result generalizes a result o f  Amitsur  [1, Th. 1(2)]. 

LEMraA 1. I f  f is a noncentral element o f  D, then its centralizer C ( f )  is 

commutative. 

PROOF. C ( f )  is clearly a skew field and we assume it is not  commutat ive .  Let 

a be a noncentral  element o f  C ( f ) .  We claim that  we may assume deg a ¢ 0. For  

if d e g a  = 0 for  any noncentral  element a o f  C ( f ) ,  then if al ,a2 E C ( f )  we have 

either [al ,a2]  = 0, or if [a l ,a2]  #: 0 then, since deg[a l ,a2]  < degal  + dega2 = 0, 

[a l ,a2]  is central in C ( f ) .  

Now we take a noncentral  element a o f  C ( f )  with deg a ¢ 0 and define for  0 ¢ 

d E C ( f ) :  de f (d )  = deg[a ,  d] - deg d. It is clear that  there exists d E C ( f )  such 

that def(d)  ~ - o o  and def is bounded above by deg a. Let b E C ( f )  be an element 

for  which de f (b )  is maximal,  then o f  course [a,b] ¢ O. 

Let I f l  = f , x " ,  lal = a,x r, ]b[ = bsx s. We have r ¢ 0 and we show that  we 

may  assume n ¢ 0. Since [ f , a ]  = 0, we have nf,6(ar) - rarb(f,) = 0, and if n = 

0 then rar6(fo) = 0 and 6(fo) = 0. So f0 E F a n d f  may be replaced by g = f - f o ,  

which has degree ~e 0 and the same centralizer. 

Thus, we have n ¢ 0 and nf,6(ar) = ra~6(f,). Now If,  b] = 0 implies nf,6(bs) = 

sbs6(f,), so we get sbstS(a,) = rarcS(bs). This implies 6(ar~b~) = 0 so b r = t~ar ~ for 

some a E E It follows that  deg(b"  - o~a ~) < d e g b  r and if b ~ - o~a s :~ 0 then 

def (b  r - a a  s) > d e f ( b ' ) .  Now if we can show that def (b  ~) = def(b) ,  then in par- 

ticular [a,b'] ~ 0 so b r - ota s -~ O, and we will have a contradict ion to the maxi- 

mality o f  de f (b ) .  In fact, we claim that d e f ( d  m) = de f (d )  for  any 0 ~ d E C ( f )  

and any integer m ~ 0. It suffices to prove this for m > 0 and m = - 1. The p roo f  

is obtained by making use o f  deg[a,d m] = (m - 1) d e g d  + d e g [ a , d ] ,  which is a 

result o f  the identities [a,d m] = ~ , ~  di[a,d]d m-l-i for m > 0 and [a,d -1] = 

- d - l [ a , d ] d  -l for m = - 1 .  

Our  next result shows that,  usually, an ad-nilpotent  element has zero degree. 

LEMMA 2. I f  N ( D )  contains an element of  nonzero degree, then K is a simple 

transcendental extension of  F. 
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PROOF. Let f E N ( D )  and I f ]  =fn xn with n :# 0. We first show that If, g} q: 

0 for some g E Rf.  Assume If, g] = 0 for each g E Rf.  If  0 :# d E D then, since 

(Rf)  = D, there exist 0 --/: g, h E R f  with d = gh-1. By assumption, [f, gl = 0 and 

If,  hi = 0. Let Igl = gm Xm, lh[ = hm ,x  m', then nfn6(gm) = mgmb(f , )  SO gn = 

c~f m for some t~ E F and, similarly, hm", =/~fm', /3 E E It follows that c(d)"  = 

(gmhm,1) ~ = ~{3-1f m-m'. In particular, if d E K \ F  then m = m' and d ~ = 3' for 

some 3" E F, but this contradicts the fact that d is transcendental over F. 

Now choose g E R f  for which If, g} ~ 0. Let us extend the field K by an ele- 

ment u satisfying u n = f n  and let L = K[u] .  Denote the unique extension of 6 to 

L by the same letter & We get an extension of D, namely L(x;6),  in which we per- 

form the following calculations. We have 0 ~ If ,  g} = [fnx~,g] = [u~x~,g} = 

{(ux)" ,gl .  Since g E Ry we have adTg  = 0, m >_ 2. It follows that Ad~'ux), g = 0. 

By (3) we have {(ux)",g } = n I(ux)"-l[ ux, g II so [ ux, g } ~ 0 and, applying Ad(,x), 

m times, we get Adtmx),g = n m I(ux)mt"-l)Admxg I, so Adumxg = 0. Let k be such 

that A d ~ g  ~ 0 and --Jk+l ~aux g = 0, then k _> 1 since [ux, g} ~: O. Let Ad~-I g = a 

and [ux, a} = b; then [ux, b} = 0 and by (2) we get [ux, b - la ]  = 1. If  we denote 

b - l a  by v we have [ux, vl = 1 and v E L. 

Next we prove that if ax r" is the leading term of an element of R s then a = 

ump(v)  for some polynomial p ( v )  E F[v] .  Given g E Rf  we get, as above, that 
A d k + l  _ k + l  m _ A d . ~  ( a x ) =  we .*- ,x  g = 0 for some k > 0, so if I gl = ax~ we have 0. Now 

prove that a = ump(v) ,  p ( v )  E F[v] ,  just from the assumption Ad~x+l(ax m) = 0. 

We argue by induction. If  k = 0 then [ ux, ax m } = 0 S O  6 ( a u - m )  = 0 and a = umc~, 

oL E F. Thus, in this case, we t a k e p ( v )  = or. To proceed from k - 1 to k, let {ux, 

ax m ] = bxm; then A d k u x ( b x  m)  = 0, SO bx m = I(ux)mp(v)t for somep(v )  E F[v].  

Let q( v) E F[ v] with q' ( v) = p ( v ) ;  then [ ux, q( v)] = q' ( v) [ ux, v l = p ( v )  and 

[ux , (ux )"q (v ) ]  = I(ux)"{ux,  q(v)}l = t(ux)mp(v)I = bx m = [ux, axm}. Since 

(ux)mq(v) and ax m have the same degree, it follows that {ux, ax m - (ux)mq(v)} = 

0 unless deg(ax m - (ux)mq(v))  < m ,  in which case a = umq(v) .  If this is not the 

case, then we have the case k = 0 for lax m - (ux)'~q(v)[ so a - umq(v)  = Urea, 

a E F, but q(v )  + ~ E F[V] as required. 

We are ready to finish the proof  of the lemma. Let d E D = (Ry), then d = 

gh -1, with g,h  E R I .  By what we have just proved, [g[ = ax r = u r p l ( v ) x  ~, 

Ih[ = bx ~ = u~p2(v)x ~ with P l ( v ) , p 2 ( v )  E F[v] .  SO [dl = u~-~p(v)x r-~ with 

p ( v )  =Pl  (v)p2(v)  - l  E F(v ) .  In particular, for d E K we get d = I d [ E  F(v) ,  so 

K _c F(v)  and therefore, by Ltiroth's theorem [6, p. 515], K is a simple transcen- 

dental extension of  F. 

A more precise result than that of  the previous lemma is: 

COROLL~a~Y. N ( D )  contains elements o f  nonzero degree i f  and only i f  D is the 

skew f ieM o f  quotients o f  the Weyl algebra A I (F) .  
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PROOF. I f  N(D) contains elements of  nonzero degree, then by the above 

lemma K = F(y)  and, as we have seen, we may assume 6 = d/dy. Then Fly] [x; 6] 

is generated over F by x,y  and [x,y] = 1, so F[y] [x; 6] = A~ (F) .  Now it is clear 

that D = K(x;6) is the skew field of  quotients of  A I(F). On the other hand, this 

skew field contains x, which is of  degree 1, and in N(D) since k R x ~ y  ,SORxD_ 

Al (F)  and (Rx) = D. 

Another interesting result is the following: 

LEmaA 3. For any ad-nilpotent element f not in F, the skew field D is the fieM 

of  quotients of  a ring of  differential polynomials over the centralizer of f .  

PROOF. Let E = C( f ) .  Since (Rj) = D, Rf is not commutative and let g E 

RI\E.  Thus, for some k _> 1, we have ad~g ~: 0, ad~ -+l g = 0 and, as in the previ- 

ous lemma for a = adff -1 g, b = [f, a] :~ 0, we get [f, b - l a ]  = 1. So if t = - b - l a  

then [t,f] = 1 and t E Rf. Since E c_ Rf we get E[t] c_ Rf. Let us prove the re- 

verse inclusion. We have R~ = E and assume R) -1 c_ y,j--loEtJ" Let h E R),  then 

[h,f] E R) -~ so [h,f] = ~,~-~ajt j, aj EE .  I f  

i--1 
j~=O aj tJ+l v =  j + l  

then Iv,f]  = Y, jz_lait j since It , f]  = 1. So [h - v,f] = 0, implying that h - v E 

E and h E ~ = 0  EtJ. 

I f a E E t h e n  [[t,a],f] = [[t,f],a] + [t,[a,f]] = 0 s o  It, a] =a'  EE ,  and i t  

follows that the map a---, a '  is a derivation 6' of  E. The subfield of  constants is F 

since 6 ' ( a )  = 0 for a E F a n d  if a E E k F t h e n ,  as in [3, Cor.  4.3], C(a) = C( f )  

so tS'(a) = It, a] ~ 0 since [t,f] ~ O. We have proved above that Rf = ~,,Et J so 

Ry = E[t;tS']  and, since f E  N(D),  we get D = E ( t ; 6 ' ) .  

COROttARV. I f  K is a simple transcendental extension o f f  and f E N(D) \ F  
then C ( f )  is F isomorphic to K. 

PROOF. Again let E = C(f ) ,  so E is a field which contains F and, by the pre- 

vious lemma, D = E( t ;  ~5'). We have started with D = K(x; ~), and we may assume 

K = F(y)  and [x,y] = 1. Thus [x,y] has degree 0 and so either x or y has t-de- 

gree :~ 0. But x,y  E N(D) so N(D) has an element of  t-degree ~ 0. It follows by 

Lemma 2 that E is a simple transcendental extension of F and therefore E and K 

are F-isomorphic.  

LEMMA 4. I f  f E N(D) kF then C ( f )  c N(D).  

PROOF. We prove that if f ,  g E D k F  commute  then Rf = Rg so, in particu- 

lar, i f f  E N ( D ) k F  and g E C ( f )  then g E N(D).  By symmetry it suffices to 
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prove R y c  Rg. Since C ( f )  is commutative and g E C ( f )  we have R} = C ( f )  c_ 

C(g) = R °. Assume R~ - l  c_ Rg ~-1 and let a E R~, so ad la  E R~ -1 ~ Rg g-l, im- 

plying adgk(adla) = 0. But ady and adg commute, so ady(adgka) = 0, implying 

adg k a E C ( f )  c_ C(g)  and therefore a E Rg g. 

LEMMA 5. I f  K is not a simple transcendental extension of  F and f E N ( D )  \F, 

then C ( f )  is F-isomorphic to K. 

PROOF. Here too we denote C ( f )  by E. Thus E is a subfield contained in 

N ( D ) .  By Lemma 2, each of  the nonzero elements of  N ( D )  has degree 0, so if 

g E E then [ g [ E K. Consider the map g -~ ]g [ from E to K and denote its image 

by [El.  This map is clearly an F-monomorphism and we merely have to prove that 

it is onto. 

If  0 :~ u E Rj  then ad~ u = 0, ad~ -~ u 4 :0  for some k _> 1. It follows that 

ad~ -1 u E C ( f )  = E so deg(ad~ -1 u) = 0. Since d e g f =  0 it follows that degu = 

n _> 0. If [u[ = u,,x" then {f,u} = - n u , , 6 ( i f i ) x  "-I and 6 ( i f  l) * 0 since If[ ~F.. 

Applying Adf again, we get Ad~ u = n(n - 1)u,,6(ifi)2x "-2 and, after n steps, 

Ad~ u = ( - 1)nn ! un 6([ f I)" E K. It follows that [ ad7 u [ = Ad] u and k - 1 _> n. 

Since deg(ad~ -1 u) = 0 = deg(ad~ u) we deduce k - 1 = n, so ad~ u E E and there- 

fore [ad~u[ = ( -1 )nn!un6( l f i ) "  E [El.  

NOW (Ry) = D, so if 0 g: a E K then a = uv -~ with 0 ~ u, v E Rf  and deg u = 

degv since dega = 0. Let lul = u~x", Ivl = v~x ~ then ( -1)~n!u~6(I f l )  n ~ IEI 
and ( -1 )nn!v~6( l f l )  n E IEI, so u , v ;  1 ~ IEI. But a = lal -- luv-~l = u , v ;  ~ so 

a E I EI and the map g ~ I gl is onto. 

PROOF OF THE THEOREM. Let DI and/92 be F-isomorphic. If f l  E N(D1) \ F  is 

mapped under the given isomorphism to f2 then C(f l  ) is mapped onto C(f2) and 

Rf~ is mapped onto Ry E so f2 E N ( D 2 ) \ E  By Lemma 5 and the corollary to 

Lemma 3, C(f~) is F-isomorphic to Ki, i = 1,2, and since C ( f l )  and C(f2)  are F- 

isomorphic, we get that Kt and K2 are F-isomorphic. 

We return to one skew field D = K[x;6], By Lemmas 1 and 4 and [3, Cor. 4.3] 

we get that N ( D )  is a union of maximal subfields of D. By Lemma 5 and the 

corollary to Lemma 3 we have that if f E N ( D )  \ F  then E = C ( f )  = K. If 

t r .degK/F = 1, then by Lemma 3 and the easy direction of  the theorem, this 

isomorphism extends to an automorphism of D. We proceed to show that the same 

result holds if t r .degK/F > 1. Choose an element y E R)\R°r. As was shown in 

the proof  of  Lemma 5, I Y l = YlX where Yl E K. Since I E] = K, there exists an 

element e E E such that ]e I = Yl. Let us replace y by z = e- ly ,  then ]z] = x and 

it is easy to see, as in the proof  of  Lemma 3, that the skew field of  quotients of  
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E[z] is D. Now the map g ~ I gl, g E E and z---, x gives an isomorphism between 

E[z] and K[x] which extends to an automorphism of  D. Thus we have: 

COROLLARY, N(D) is a union of maximal subfields of D each being isomorphic 

to K and these isomorphisms may be extended to automorphisms of D. 

REMARK. A. Schofield showed in [8] that if tr.deg K/F > 1, then any subfield 

E of D with tr.degE/F > 1 is conjugate to a subfield of K. From this it follows im- 

mediately that, when tr.degK/F> 1, the field K is determined by D and all the au- 

tomorphisms in the previous corollary may be chosen to be inner. 
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